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We numerically and experimentally study corner states in a continuous elastic plate with em-
bedded bolts in a hexagonal pattern. While preserving C6 crystalline symmetry, the system can
transition from a topologically trivial to a non-trivial configuration. We create interfacial corners of
60° and 120° by adjoining trivial and non-trivial topological configurations. Due to the rich interac-
tion between the bolts and the continuous elastic plate, we find a variety of corner states with and
without topological origin. Notably, some of the corner states are highly localized and tunable. By
taking advantage of this property, we experimentally demonstrate one-way corner localization in a
Z-shaped domain wall.
Introduction.—Topological insulators provide re-
searchers with efficient ways to tailor and control the
energy flow. These topologically non-trivial phases
have drawn growing attentions, since the immunity
to back-scattering – the key feature of topological
protection – can help overcome defects and sharp
bends during energy transfer. Realization of these
topological boundary states have been demonstrated
in classical systems, such as acoustics and mechanics,
through mimicking the quantum Hall effect [1, 2], the
quantum spin Hall effect [3, 4] or the quantum valley
Hall effect [5–7]. Recently, higher-order topological
insulators with multiple moments have been predicted
theoretically [8–10], and parallel experimental works of
the second-order topological quadrupole insulators have
been demonstrated in mechanics [11], microwave circuits
[12], electrical circuits [13], photonics [14], and acoustics
[15].
To create a topological quadrupole insulator, negative
hopping parameter is a requisite ingredient. In practice,
however, the negative coupling needs much effort to de-
sign. Therefore, another way based on bulk dipole mo-
ments has been proposed to form a second-order topo-
logical insulator. By leveraging the protection of crys-
talline symmetry, it shows the in-gap corner states due
to the “filling anomaly” [16]. The corner states of such
second-order topological crystalline insulators with van-
ishing quadrupole moment have been studied primarily
in square [17–24] and Kagome lattices [25–29]. Recent
studies in photonics [30, 31] have shown that hexagonal
lattices can also support corner modes with interesting
properties, but their mechanical analogue has been lim-
ited to discrete mechanical structures which lack the en-
gineering potential and practicality [32].
In this Letter, we propose a bolted plate structure
as a platform of a continuous second-order mechani-
cal topological insulator. The plate is decorated with
bolts, which act as resonators, arranged in C6-symmetric
hexagonal lattice. For the topological characterization,
we approximate our system with a lumped-mass model
[33]. Then, the topological indices are determined based
on the rotational symmetries of eigenmodes at the high-
symmetry points in the Brillouin zone (BZ). By joining
two topologically-distinct configurations, we report the
generation of two different types of corner modes: one
with topological origin and the other without it. Inter-
estingly, we find that the one without topological origin
exhibits higher localization and tunability than the topo-
logical one. By leveraging these characteristics, we ex-
perimentally demonstrate a one-way corner localization
of mechanical waves in a Z-shaped domain wall. This
asymmetric wave localization mechanism can be used for
advanced control of energy flow.
System and unit-cell dispersion.—In Fig. 1(a), steel
bolts are mounted hexagonally in an aluminum plate.
See Fig. 1(b) for the graphical illustration of the unit
cell. The lattice constant is a = 45 mm. R is the circum-
ferential radius of six bolts, which is a tuning parameter
of creating the trivial and non-trivial band gap. The en-
larged unit cell in Fig. 1(c) shows that as R increases, the
six bolts gradually expand until reaching the limit of the
unit cell’s boundary as represented in yellow; whereas,
as the R decreases, the six bolts gradually merge into
the center as indicated in red. The band structure of
R = 1.0a/3, R = 0.8a/3, and R = 1.1a/3 are shown in
Figs. 1(d), 1(e), and 1(f), respectively, based on finite el-
ement analysis (FEA, see Supplemental Material [34] for
more details). The color bar quantifies the dominance
of plate displacement in out-of-plane (z) direction, which
is defined as Πz =
∫
V
|w|2dV∫
V
(|u|2+|v|2+|w|2)dV , where V is the
volume of the plate of a unit cell and u, v and w are
the displacement components in x, y and z axes. When
Πz = 1, it means that the eigenmode is completely domi-
nated by the out-of-plane motion; whereas, when Πz = 0,
the eigenmode is entirely dominated by the in-plane mo-
tion. From Fig. 1(d), we see that there is a double Dirac
cone at the Γ point at 7.27 kHz. Once the radius R = a/3
is no longer maintained, the double Dirac point opens and
creates a band gap [Figs. 1(e) and 1(f)].
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FIG. 1. (a) Continuous plate structure with hexagonally ar-
ranged bolts (blue dots). The translation vectors ~a1 and ~a2
and the corresponding reciprocal vectors ~b1 and ~b2 in the first
Brillouin zone (inset). (b) A graphical illustration of the unit
cell. (c) An enlarged plot of the unit cell with expanded
(R > a/3, yellow) and shrunk (R < a/3, red) arrangements
of the mounted bolts. (d) R = a/3 case, which is exactly the
honeycomb lattice with a double Dirac cone at the Γ point.
Colorbar represents the level of the out-of-plane motion. (e)
R = 0.8a/3 case, which leads to the emergence of a trivial
band gap represented in grey rectangle. Inset shows the four
corresponding eigenmodes extracted from the marked green
stars at the M and Γ points. (f) R = 1.1a/3 case with a
non-trivial band gap.
Topological characterization.—We perform the topo-
logical characterization of the band gaps based on the
pseudospins of eigenmodes at the Γ point [35]. This ana-
logue of the quantum spin-Hall effect helps us predict the
existence of chiral edge states at the interface between
two domains made of shrunk (R < a/3) and expanded
(R > a/3) unit cells. In the present study, however,
we are interested in the corner states, and therefore, we
characterize the band gaps based on quadrupole [36] or
rotation invariants [16, 30]. These rely on the parity (the
eigenvalue of pi rotation over the z axis) of eigenmodes at
the Γ and M points of the BZ for every band below the
band gap. In the insets of Figs. 1(e) and 1(f), we plot
eigenmodes for the first two bands immediately below
the band gap at the Γ and M points (light green stars)
and calculate their parity. For the shrunk configuration,
the two bands have −1 parity at the Γ and M points.
However, for the expanded configuration, the two bands
have +1 parity at the Γ point, but the opposite parity
at the M point.
Ideally, this characterization process needs to be re-
peated for all bands below the band gaps. This is a
complicated task due to the existence of the numerous
dispersion curves [see Figs. 1(e) and 1(f)], which result
from the multi degrees of freedom and coupling between
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FIG. 2. (a) A supercell made by placing six non-trivial
(R = 1.1a/3) and six trivial (R = 0.8a/3) cells adjacently.
(b) Eigenfrequencies of the supercell as a function of wave
numbers in the periodic direction. Bulk bands are in black.
There are two edge modes with opposite pseudospins (purple
and yellow) inside the bulk band gap, where two mini gaps
(BG1 and BG2) are generated.
the bolt and the plate. To simplify this, we approximate
the system into a lumped-mass model, in which the bolts
are modeled as point masses connected to the plate with
transverse springs [33] (see Supplemental Material [34]
for more details on this model and its validity). As a
result, we can calculate the parity for all the bands be-
low the band gap, and obtain quadrupole 0 and 1/2, and
rotation invariants [0, 0] and [2, 0] for the shrunk (trivial)
and expanded (nontrivial) unit cells, respectively. This
establishes topological distinction of the two band gaps
shown in Figs. 1(e) and 1(f).
Supercell analysis.—We return to the FEA approach
and first perform a supercell analysis by adjoining six
non-trivial (R = 1.1a/3) and six trivial cells (R = 0.8a/3)
[Fig. 2(a)]. The terminations are free, and the sides are
Floquet-periodic. We observe that the interface hosts
chiral propagating modes inside the bulk band gap of
the supercell dispersion in Fig. 2(b). These propagate in
opposite directions with two opposite pseudospins (clock-
wise and counterclockwise in purple and yellow, respec-
tively), mimicking spin Hall effect [37]. However, these
edge states are gapped as opposed to the quantum spin-
Hall effect for fermions that supports gapless edge states
protected by the time-reversal symmetry [38]. Even
though there are ways to close these gaps for a broad-
band wave propagation at the interface [39], we deliber-
ately use them to look for potential corner modes in this
study. BG1 is at low frequency and resides within the
interface mode spectrum. This emerges due to the break-
age of crystalline C6 symmetry at the interface and exists
as long as there are cells across the interface with dif-
ferent R (see the details in Supplemental Material [34]).
BG2 is at a higher frequency and lies above this spectrum
and below the bulk spectrum (black) and emerges due to
the large mismatch of radii between trivial and nontrivial
bolted-plate lattices (Supplemental Material [34]).
3(a) (b)
(c)
(d)
60°120°
R = 0.8a/3
R = 1.1a/3
0 100 200
Solu�on number
7
7.5
8
8.5
Fr
eq
ue
nc
y 
(k
Hz
) (a)
Inverted (a)
Corner (60°)
Corner (120°)
ƒ  = 7.41 kHz ƒ  = 7.42 kHz
ƒ  = 7.43 kHz ƒ  = 7.46 kHz
(c)
(e)
(f)
(d)
(f) ƒ  = 8.48 kHz ƒ  = 8.51 kHz
(e) ƒ  = 8.40 kHz ƒ  = 8.42 kHz
BG1
BG2
Max.
0
FIG. 3. (a) A rhombus-shaped structure with an interface
between two domains: R = 1.1a/3 (inner) and R = 0.8a/3
(outer). (b) The eigenfrequency for the configuration in (a)
and its inverted counterpart. Bulk band gap is marked in
grey. Green and red stars represent the corner states. (c)–(f)
Eigenmodes of the corner states corresponding to the stars in
(b). The color map represents the amplitude of the out-of-
plane displacements, |w|.
Emergence of corner states.—To observe these cor-
ner states and investigate their differences systemati-
cally, we construct a rhombus-shaped, topologically non-
trivial domain (R = 1.1a/3) inside the trivial domain
(R = 0.8a/3) [Fig. 3(a)]. This contains two 120° corners
and two 60° corners. We also consider the “inverted” con-
figuration, in which the two domains are interchanged.
We then perform the eigenfrequency analysis on both
configurations and show the results in Figs. 3(b). We ob-
serve the emergence of several corner states marked with
the green and red stars.
In Fig. 3(c), we show the low-frequency corner states
for the rhombus-shaped structure of Fig. 3(a) while in
Fig. 3(d) the corner modes of the inverted configuration.
These corner states reside in the BG1. Importantly, we
find that only 120° corners support corner states. These
states are of topological origin. For the verification, we
parameterize our system with the unit cells with varying
radii and find that these corner states exist robustly even
for a small difference in radii between the trivial and non-
trivial cells (see Supplemental Material [34] for details).
Moreover, a corner state of the topological origin should
persist when two domains are interchanged, since their
existence is based on the difference in the topological na-
ture of the two adjacent domains. This is exactly what
we observe in Figs. 3(c) and 3(d). Upon closely exam-
ining the mode shapes of these states in Fig. 3(c), we
find that the peak displacement within the non-trivial
unit cell, located at the corner, occurs at the two bolts
adjacent to the most cornered bolt, which shows the min-
imum displacement. This is consistent with the shapes
of the topologically-nontrivial modes reported in photon-
ics recently [30]. The inversion of domains in Fig. 3(d),
however, changes the mode shape, and now the peak dis-
placement within the non-trivial unit cell occurs at the
most cornered bolt.
Interestingly, there are also high-frequency corner
states, marked by red and green star in Fig. 3(b), which
reside within BG2. We observe that both 60° and 120°
corners support these states as shown in Figs. 3(e) and
3(f). However, these exist only in the regular configura-
tion shown in Fig. 3(a), but not in the inverted configura-
tion. This hints at their nontopological origin, which we
verify by performing a parametric study again with vary-
ing radii of unit cells (see Supplemental Material [34] for
details). We find that these states exist only for a large
difference in radii between the trivial and non-trivial unit
cells and are not predicted by our simplified lumped-mass
model, as opposed to the corner states within BG1. This
suggests that they appear due to the complex interaction
of bolt-plate assembly that the lumped-mass model fails
to capture. Their mode shapes also differ from the ones
in BG1. For example, the states shown in Fig. 3(e) have
the peak displacement occurring at the most cornered
bolt within the non-trivial unit cell, while the adjacent
two bolts have also nonzero displacements. This is also
consistent with the topologically-trivial corner modes re-
ported in Ref.[30].
What makes the corner states observed in BG2 unique
is their tunability when domains are interchanged, and
also their spatial localization which is much higher com-
pared to the corner states in BG1 [compare the localiza-
tion lengths in Figs. 3(e) and 3(f) to those in Figs. 3(c)
and 3(d)]. These characteristics will be leveraged to
achieve one-way energy localization as will be described
below.
Experimental demonstration.—We build a Z-shaped
domain wall that includes two different types of 60° cor-
ners in one setup (Fig. 4(a), see Supplemental Material
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FIG. 4. Experimental verification of the corner state at 60°
corners. (a) A Z-shaped interface with two different 60° cor-
ners is created via placing trivial cells (R = 0.8a/3) with
non-trivial cells (R = 1.1a/3) adjacently. The red stars mark
the locations of the piezo-actuators that excite the elastic
plate. (b) A simulated eigenmode shows that corner state
appear only at the corner (II) at f = 8.52 kHz. (c)-(d) The
measured wave-field response of the bolted plate when the
piezo-actuator is attached on the corner (I) and corner (II),
respectively, and excited at f = 8.49 kHz.
[34] for the fabrication and measurements detail). From
the simulation results shown earlier, we know that the
corner state without the topological origin exists only
in the case when the non-trivial cells are surrounded
by the trivial cells [Figs. 3(e) and 3(f)], i.e., at corner
(II) in Fig. 4(a). This is again verified by the eigen-
frequency analysis on this particular setup. Fig. 4(b)
shows a highly-localized corner state with f = 8.52 kHz
at the corner (II).
We excite the plate using a piezoelectric ceramic actu-
ator by placing it at corner (I) and (II) in two separate
experiments. We use a chirp signal with the frequency
range of 2–40 kHz. A point-by-point measurement is then
conducted by using the laser Doppler vibrometer to de-
tect the flexural waves. By gathering and reconstructing
measured data from all the points, we plot the steady
state wave-field at f = 8.49 kHz (Figs. 4(c, d)). When
corner (I) is excited, there is no evidence of a corner state
apart from the usual exponentially decaying evanescent
field [Fig. 4(c)]. When we excite corner (II), however, we
observe clear confinement of energy due to the presence
of the corner mode [Fig. 4(d)]. In addition, the profile
of the corner mode matches closely with the simulation
results in that the last two resonators of the non-trivial
unit cell have peak displacements [compare Fig. 4(b) and
Fig. 4(d)]. It should also be noted that the frequencies of
the corner state between the experimental and computa-
tional results are in excellent agreement.
Next, we exploit this selective localization observed in
the previous test to demonstrate a one-way localization
through the Z-shaped interface. We excite the plate with
a harmonic excitation at f = 8.49 kHz in the middle of
the interface as shown in in Fig. 5. We observe that
the flexural waves departing from the point of excitation
propagate towards the right direction only, thereby ex-
citing the corner (II) only, whereas the corner (I) being
at the same distance does not see any such energy local-
ization. Such asymmetric wave localization is a highly
useful – yet relatively unexplored – feature that can be
exploited to manipulate energy flow at will.
Conclusions.—We propose a ubiquitous design of a
bolted plate in the hexagonal arrangement to demon-
strate in-gap corner states in our C6-symmetry-protected
system. By changing the radius of the unit cell, we con-
struct two configurations that show topologically distinct
band gaps. We perform topological characterization of
the bolted-plate assembly based on a simple lumped-mass
model. When two such topologically distinct bolted-
plates are placed adjacently, we conduct full geometry
simulations to show that there are two regions (mini
gaps) in frequency where different types of corner modes
can exist. We find that the low-frequency corner states
are of topological origin and the high-frequency corner
states are of nontopological origin. While the former
can be predicted by the lumped-mass model, the later
can not. However, the later are highly localized for at
both 60° and 120° corners and can be made to exist or
non-exist based on the inversion of topologically-distinct
domains across the interface. This fact is thus used to
create a Z-shaped interface between topologically distinct
domains for achieving an asymmetric localization of en-
ergy. We expect that these findings will enrich the wave-
localization phenomena in mechanics and encourage new
applications in vibration management.
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